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Optimal control is the process of determining control and state trajectories for a dynamical system over a period of time to minimize an objective function. In this paper we analyse the special case of the following control theory problem:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int \limits _{a}^{b} (u(t))^2 dt. \end{aligned}$$\end{document}$$In some applications of such type of control problems, for example, doing trajectory planning in traffic control, we need to be able to generate curves that pass through predefined states at given times since we need to be able to specify the position in which the system will be in at a sequence of times (see, e.g., \[[@CR1]\]). In this case we refer to the classical setting of the problem under consideration:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _a^b(u(t))^2dt \rightarrow \min _{u \in { L}_2[a, b]: \ \ x(a)=c, \ y(t_i)=z_i, \ i=1, \ldots , n}, \end{aligned}$$\end{document}$$where *x* and *y* depend on *u* by means of ([1](#Equ1){ref-type=""}). It is shown in \[[@CR1]\] and the references therein that a number of interpolation and path planning problems can be incorporated into control problem and studied using control theory and optimization techniques on Hilbert spaces with efficient numerical spline-based schemes. Control splines give a richer class of smoothing curves relative to polynomial curves. They have been proved to be useful for trajectory planning in \[[@CR2]\], mobile robots in \[[@CR3]\], contour modelling of images in \[[@CR4]\], probability distribution estimation in \[[@CR5]\] and so on.

However, in many situations, it is not really crucial that we pass a trajectory through these points exactly, but rather that we go reasonably close to them, while minimizing the objective functional. Such approach is closely related to the idea of smoothing under fuzzy interpolation conditions. We propose to use fuzzy numbers $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _a^b(u(t))^2dt \rightarrow \min _{u \in { L}_2[a, b]: \ \ x(a)=c, \ y(t_i) \text{ is } \ Z_i, \ i=1, \ldots , n}, \end{aligned}$$\end{document}$$where *x* and *y* depend on *u* by means of ([1](#Equ1){ref-type=""}).

In this paper, the main attention is paid to the special case of problem ([1](#Equ1){ref-type=""}):
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In this paper we suggest a method for construction of solutions of ([7](#Equ7){ref-type=""}) and finding corresponding control laws at each $\documentclass[12pt]{minimal}
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Spline-Based Approach {#Sec3}
=====================

We consider problem ([8](#Equ8){ref-type=""}) as the special case of the following more general conditional minimization problem:$$\documentclass[12pt]{minimal}
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Interpolating Splines {#Sec4}
---------------------
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### Proposition 1 {#FPar1}
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Splines in Convex Sets {#Sec5}
----------------------
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The conditions of existence and uniqueness of solution of ([13](#Equ13){ref-type=""}) follow from the known theorem (see Theorem 7 in \[[@CR8]\]).

### Proposition 2 {#FPar2}

Under the assumption that *kerT* is finite-dimensional a solution of problem ([13](#Equ13){ref-type=""}) exists. An element $\documentclass[12pt]{minimal}
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This result implies that a solution of problem ([13](#Equ13){ref-type=""}) belongs to the space *S*(*T*, *A*). To find it we can use the method of adding-removing interpolation knots which is considered in details, for example, in \[[@CR9]\] or \[[@CR10]\]. It is an iterative method. On the *k*-th step of it we need to solve the following interpolation problem: to construct a spline $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s^k \in S(T,A)$$\end{document}$ such that the initial conditions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(As^k)_0=c_1, \ (As^k)_{n+1}=c_2$$\end{document}$, and the interpolation conditions written in the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(As^k)_i=d_i^k$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \in I^k$$\end{document}$, are satisfied. The set of indices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I^k \subset \{1, \ldots , n\}$$\end{document}$ and numbers $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_i^k$$\end{document}$ are specified during the iterations. The knots $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_i$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in I^k$$\end{document}$ are considered as interpolation knots on the *k*-th step. We start with a solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_1$$\end{document}$ obtained using only the initial conditions, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I^1= \emptyset $$\end{document}$. The iterative step from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I^k$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I^{k+1}$$\end{document}$ is done by adding to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I^k$$\end{document}$ all indices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \in \{1, \ldots , n \}$$\end{document}$ such that the restriction $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_i^{L} \le (As^k)_i \le Z_i^{U}$$\end{document}$ is not satisfied. For the added index *i* we take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ d^{k+1}_i =Z_i^{L}(\alpha )$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_i^{L}(\alpha ) > (As^k)_i$$\end{document}$, and we take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ d^{k+1}_i =Z_i^{U}(\alpha )$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(As^k)_i > Z_i^{U}(\alpha )$$\end{document}$. On the other hand, we remove from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I^k$$\end{document}$ all indices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \in I^k$$\end{document}$ such that the rule ([15](#Equ15){ref-type=""}) is not satisfied for the corresponding coefficient of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s^k$$\end{document}$. To finish the *k*-th step we also denote $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ d^{k+1}_i=d^{k}_i$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \in I^{k+1} \cap I^k$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I^{k+1}=I^k$$\end{document}$ then the algorithm ends and the obtained $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s^k$$\end{document}$ is a solution of ([13](#Equ13){ref-type=""}).

Numerical Solutions {#Sec6}
===================
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Two numerical examples corresponding to more complicated cases are considered below for illustration of the proposed technique. Numerical results are obtained by using Maple.

Example 1: Exponential Splines {#Sec7}
------------------------------
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